In this paper, an attempt is made to develop two inventory models for deteriorating items with variable demand dependent on the selling price and frequency of advertisement of items. In the first model, shortages are not allowed whereas in the second, these are allowed and partially backlogged with a variable rate dependent on the duration of waiting time up to the arrival of next lot. In both models, the deterioration rate follows three-parameter Weibull distribution and the transportation cost is considered explicitly for replenishing the order quantity. This cost is dependent on the lot-size as well as the distance from the source to the destination. The corresponding models have been formulated and solved. Two numerical examples have been considered to illustrate the results and the significant features of the results are discussed. Finally, based on these examples, the effects of different parameters on the initial stock level, shortage level (in case of second model only), cycle length along with the optimal profit have been studied by sensitivity analyses taking one parameter at a time keeping the other parameters as same.
Introduction
According to the existing literature of inventory control system, most of the inventory models have been developed under the assumption that the life time of an item is infinite while it is in storage i.e., an item once in stock remains unchanged and fully usable for satisfying future demand. In real life situation, this assumption is not always true due to the effect of deterioration in the preservation of commonly used physical goods like wheat, paddy or any other type of food grains, vegetables, fruits, drugs, pharmaceuticals, etc. A certain fraction of these goods are either damaged or decayed or vaporized or affected by some other factors, etc. and are not in a perfect condition to satisfy the demand. As a result, the loss due to this natural phenomenon (i.e., the deterioration effect) can't be ignored in the analysis of the inventory system. Ghare and Schrader (1963) first developed an inventory model for exponentially decaying inventory. Then Emmons (1968) proposed this type of model with variable deterioration, which follows two-parameter Weibull distribution. These models were extended and improved by several researchers, viz. Covert and Philip (1973) , Giri et al. (2003) , Ghosh and Chaudhari (2004) . On the other hand, Chakrabarty et al. (1998) , Giri et al.(1999) , , Sana and Chaudhari (2004) and others developed inventory models for deteriorating items with thereparameter weibull distributed deterioration. Misra (1975) developed an EOQ model with weibull deterioration rate for perishable product without considering shortages. These investigations were followed by several researchers like, Deb and Chaudhari (1986) , Giri et. al. (1996) , Goswami and Chaudhari (1991) , Mandal and Phaujdar (1989a) , Padmanabhan and Vrat (1995) , Pal et al.(1993) , Mandal and Maiti (1997) , Goyal and Gunasekaran (1995) , Sarkar et al.(1997) , Maiti (1998a,1998b) , Pal et al. (2005 Pal et al. ( , 2006 , Mishra and Tripathy (2010) , Kawale and Bansode (2012) , Bhunia et al. (2013a Bhunia et al. ( , 2013b , Sharma and Chaudhary (2013) , Amutha and Chandrasekaran (2013) etc., where a time-proportional deterioration rate was considered.
In the present competitive market, the effect of marketing policies and conditions such as the price variations and the advertisement of an item change its demand pattern amongst the public. The propaganda and canvassing of an item by advertisement in the well-known media such as Newspaper, Magazine, Radio, T. V., Cinema, etc. and also through the sales representatives have a motivational effect on the people to buy more. Also, the selling price of an item is one of the decisive factors in selecting an item for use. It is commonly observed that lower selling price causes increase in demand whereas higher selling price has the reverse effect. Hence, it can be concluded that the demand of an item is a function of displayed inventory in a show-room, selling price of an item and the advertisement expenditures frequency of advertisement, Very few OR researchers and practitioners studied the effects of price variations and the advertisement on the demand rate of items. Kotler (1971) incorporated marketing policies into inventory decisions and discussed the relationship between economic order quantity and pricing decision. Ladany and Sternleib (1974) studied the effect of price variation on selling and consequently on EOQ. However, they did not consider the effect of advertisement. Subramanyam and Kumaraswamy (1971) , Urban (1992) , Goyal and Gunasekaran (1995) , Abad (1996) and Luo (1998) , Pal et al. (2007) , Bhunia and Shaikh (2011) developed inventory models incorporating the effects of price variations and advertisement on demand rate of an item.
When a purchasing manager places an order of items, it is important to realize that different types of costs including the transportation cost of the items should be taken into account. Therefore, the inventory and transportation costs are dependent to each other when the transportation cost is involved in inventory replenishment, It is well known that different transportation models have different speed, reliability and cost characteristics. In most of the existing research, the transportation cost is not considered separately, it is included in the replenishment cost which is independent of the order quantity. In realistic situation, the transportation cost is not independent of the ordered quantity. As a result, this cost cannot be ignored in the analysis of inventory system. Recently, very few researchers considered this cost into the analysis of lot-size determination. Baumol and Vinod (1970) first considered an inventory model of freight transport where by ordered quantity and transportation alternative can jointly be determined. Constable and Whybark (1978) assumed that the transportation cost per unit is independent of the order quantities. Buffa and Munn (1989) developed the model considering the transportation per unit to be a negative exponential function of the order quantity. Anily and Federgruin (1990) have considered the transportation cost in terms of truck loading cost. Krishnawamy et al. (1995) developed an EOQ model considering the transportation cost both for deterministic and stochastic demand cases. In these models, transportation cost per unit for the mode of transport (transport vehicle) is dependent on the quantity of the product. Recently, Pal et al. (2006) and Mondal et al. (2007) considered this cost under the assumption that the transportation cost is constant for transport vehicle ( of a given capacity) even if the quantity shipped is less than a transport vehicle load by some quantity.
In this paper, we have developed two inventory models for deteriorating items with variable demand dependent on the selling price of items and frequency of advertisement of items. In the first model, stock-out situation is not allowed whereas in the second, it is allowed and partially backlogged with a variable rate dependent on the duration of waiting time up to the arrival of next lot. In both the models, the deterioration rate follows a three-parameter Weibull distribution and the transportation cost is considered explicitly for replenishing the order quantity. The corresponding models have been formulated and solved by considering the transportation cost for replenishing the items. Two numerical examples have been given to illustrate the results and the significant features of the result are discussed. Finally, based on these examples, the effects of different parameters on the initial stock level, shortage level (in case of second model only), cycle length along with the optimal profit, sensitivity analyses have been performed considering one parameter at a time keeping other parameters at their original values.
Assumptions and Notations
The following assumptions and notations are used to develop the proposed model:
(i) Replenishments are instantaneous with a known and constant lead time.
(ii) The entire lot is delivered in one batch. (iii) The inventory planning horizon is infinite and the inventory system involves only one item and one stocking point. (iv) The deterioration occurs when the item is effectively in-stock and its rate follows a threeparameter Weibull distribution.    be the parameters of the Weibull distribution whose probability density function is
The instantaneous rate of deterioration of the on-hand in any time t is ( ) t  which obeys the three -parameter Weibull distribution.
is constant and the Weibull distribution reduces to exponential distribution
is a decreasing function of t. (xviii) U be the upper break point, some quantity loss than k but more thanU , the transportation cost for whole quantity is t C .
represents the greatest integer value which is less then or equal to / t tF C C .
Inventory model without shortage
Initially, an enterprise purchases an amount of stock of S units of the item. This amount will be depleted due to deterioration of item and also to meet up the customers' demand. Let   q t be the instantaneous inventory level at any time 0 t  . Then the inventory level   q t at any time t satisfies the differential equation as follows:
with the boundary conditions
and
Using the condition (3), the solution of the differential Eq. (1) is given by
During the inventory cycle, deteriorated units are to be separated. The amount of inventory that has deteriorated during the cycle can be derived by integrating the product of the deterioration rate and the inventory level over the entire cycle i.e., the total number of deteriorated units is given by
However, D can be derived from the difference between the initial stock and the total selling amount during the cycle, i.e., 
Now, the total inventory holding cost hol C is given by
neglecting the powers of  higher than two as 0 1.    The total advertisement cost is the product of the number of advertisement and the cost per advertisement i.e., k  or 1 and q k  . In that case, two situations may arise:
Hence the total transportation cost is given by
, where 1 , where 1
The total cost ( ) TC of the system is given by TC = <ordering cost> + <purchasing cost> + <inventory holding cost> + <advertisement cost> + <transportation cost>
The net profit ( X ) for the entire system is the difference between the sale revenue per cycle and the total cost of the system i.e.,
Therefore the profit function ( , , , ) Z m n A T (average profit per unit time for the entire cycle) of the inventory system is given by
Here the profit function is a function of two continuous variables m, T and two integer variables n, A.
Proposition:
The profit function Z is an increasing function of m for any feasible values of n, A and T.
This condition gives the increasing property of the profit function Z.
Hence our problem is to determine the optimal values of n, A, T and S by solving the following mixed integer nonlinear optimization problem.
Maximize ( , , ) subject to , , >0 and , are integers
The above problem can be solved by using the well-known LINGO 8.0 software. However, the optimal solution of the above problem can be obtained with the help of the following algorithm.
Algorithm 1
Step-1: Input all the parameters.
Step-2: Calculate the value of U.
Step-3: Solve the problem (10) by taking the transportation cost for first situation ( ) nk S nk U    Step-4: If S lies in the interval ( ) nk S nk U    , then this is the optimal policy and go to go to Step-5.
Step-5: Solve the problem (10) by taking the transportation cost for second situation
, then this is the optimal policy. Step-7: Stop.
Numerical Example
To illustrate the developed model, an example with the following data has been considered. According to our developed algorithm (i.e., Algorithm 1) of the proposed inventory system, the optimal solution has been obtained with the help of well known LINGO software for different values of m. The optimum values of n, A, T, S along with the maximum average profit are displayed in Table 1 . 
Sensitivity Analysis
For the given example mentioned earlier, sensitivity analysis has been performed to study the effect of changes (under or over estimation) of different parameters like demand, deterioration parameters and mark-up rate on maximum initial stock level, cycle length, frequency of advertisement along with the maximum profit of the system. This analysis is carried out by changing (increasing and decreasing) the parameters from -20% to + 20%, taken one or more parameters at a time and making the other parameters at their original values. The results of this analysis are shown in Table 2 . 
Inventory model with shortages
In this model, shortages, if any, are allowed and partially backlogged. During the shortage period, the backlogging rate is dependent on the length of the waiting time up to the arrival of fresh lot.
Considering this situation, the rate is defined as
In this model, it is assumed that after fulfilling the backorder quantity, the on-hand inventory level is S at t=0 and it declines continuously up to the time 
Also, ( ) q t is continuous at 1 t t  . Using the conditions (3) and (4), the solutions of the differential equations (11)- (12) 
From the continuity condition, we have
Now the total inventory holding cost for the entire cycle is given by
Again, the total shortage cost Sho C over the entire cycle is given by
TC of the system is given by TC = <ordering cost> + <purchasing cost> + <inventory holding cost> + <advertisement cost> + <transportation cost>+< inventory shortage cost>
Now, the net profit (X) for the entire system is given by
Therefore, the profit function 1 ( , , , , ) Z m n A t T (average profit per unit time for the entire cycle) of the inventory system is given by
Here the profit function is a function of three continuous variables m, t 1 , T and two integer variables n, A. Clearly , the above function is an increasing function with respect to m. Hence our problem is to determine the optimal values of n, A, t 1 , T and S by solving the following mixed integer nonlinear optimization problem. Maximize ( , , , ) subject to t , , , >0 and , are integers
where
This is a non-linear optimization problem. The optimal solution of the this problem can be obtained with the help of the following algorithm using LINGO software.
Algorithm 2
Step-2: Calculate the value of U. by taking the transportation cost for first situation
Step-4: If S+R Satisfies the condition nk S R nk U     , then this is the optimal policy and go to by taking the transportation cost for second situation
Numerical Example
To illustrate the model with partially backlogged shortages, a numerical example with the following data has been considered. 
Like first model (no-shortage case), the values of different parameters considered here are realistic, through these are not taken from any case study. According to the solution procedure (Algorithm-2), the optimal solution has been obtained with the help of LINGO software for different values of m. The optimum values of n, A, 1 t , T, S and R along with maximum average profit are displayed in Table 3 . 
Sensitivity Analysis
For the given example mentioned earlier, sensitivity analysis has been performed to study the effect of changes (under or over estimation) of different parameters like demand, deterioration, inventory cost parameters and mark-up rate on maximum initial stock level, shortage level, cycle length, frequency of advertisement along with the maximum profit of the system. This analysis has been carried out by changing (increasing and decreasing) the parameters from -20% to + 20%, taken one or more parameters at a time making the other parameters at their more parameters at a time and making the other parameters at their original values. The results of this analysis are shown in Tables 4. 
Concluding Remarks
In this paper, two deterministic inventory models for deteriorating items with variable demand dependent on the selling price and the frequency of advertisement of the item have been developed with and without shortages. In the formulation of the model, transportation cost is considered explicitly for replenishing the order quantity. In most of the situations, it is the buyer's cost who must bear the transportation cost for transportation of the goods purchased from the supplier. Such costs are either assumed to be fixed and are therefore included in the ordering cost or variable and include in the unit cost of the item. In real-life situations transportation costs of goods are fixed for a finite capacity of a transport mode such as a truck. A fixed cost is incurred when a truck is deployed whether it is utilized fully or partially for a ceiling quantity or more. For quantities less than the ceiling quantity, a uniform rate per unit is charged.
In both models, the demand rate is taken as for fixed values of p? Generally, the demand of items varies due to the advertisement in the well known media such as Radio, T.V., Newspaper, Magazine, Cinema, etc. The demand of items increases with the increase of frequency of advertisement and is directly proportional to the number of advertisement. Hence, we take
The present model is also applicable to the problems where the selling prices of the items as well as the advertisement of items affect the demand. It is applicable for fashionable goods also.
The problem of inventory and transportation interactions is a potential field of research. The subject offers a lot of scope for additional work based on what has been presented in this paper. The following can be potential problems that can be studied:
(i) The possibility of single truck supplying the products to more than one go down.
(ii) The possibility of inter-depot transportation can be incorporated from the following points of view.
(a) The inventory -distribution costs can be minimized. (b) This provides another alternative to deal with the space constraint that is operative at some of the go downs. (iii)The possibility of mixing up more than one product in the same truck when each factory produces more than one product.
